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RG fixed point tensors and 
factorisation in 2D CFT  

and ~~holographic tensor networks~~



Many body entanglement and holographic 
theories

Ryu-Takayanagi Formula:

（2006） 

Brian Swingle (2012) 

Picture courtesy Orus

Tensor network is a framework to  
construct  models 
that realise these ideas

 AdS/CFT says entanglement is geometry

Tensor network is a geometrization of 
entanglement. It is explicitly local. 



Overview
• Fixed point of tensor renormalisation group (TRG) /tensor network 

renormalisation (TNR) 

• CFT factorisation and entanglement brane boundary condition 

• Tensor network from 3D TQFT , RG operator, Holographic Tensor 
Network and 2D fixed points 
 
Checking it numerically in Ising theory —  
a) shrinking condition 
b) recovering the closed string spectrum from the open correlation 
functions  

• Holographic Tensor network for Liouville Theory (?) 

• Outlook



TRG/ TNR fixed point and CFT
Levin, Nave (2007); Gu, Levin, Wen (2008); Evenbly, Vidal  (2015) ; Evenbly (2017); Yang, Gu, Wen (2017) ……..

• Many classical statistical models adopt tensor network representation (see Prof. Nishino’s 
lecture last Friday and Prof. Meurice’s talk yesterday)


• It is well know that at the critical point, there is a very efficient way of extracting CFT data. 
that is — performing TRG/TNR and look for the fixed point: 

Picture courtesy https://tensornetwork.org/trg/

e.g. by SVD to decompose the tensor into products of two



TRG/ TNR fixed point and CFT
Levin, Nave (2007); Gu, Levin, Wen (2008); Evenbly, Vidal  (2015) ; Evenbly (2017); Yang, Gu, Wen (2017) ……..

• We can extract CFT data from the fixed point tensor: 


• In general the bond dimensions of each tensor is kept at finite. The recovery of spectrum only 
approximate — only the low lying states match well with the exact CFT data. With higher 
bond dimensions, more states in the spectrum recovered. 


• There should be a CFT interpretation of the fixed point tensor

Solve for the eigenvalues of this spectrum 
gives the closed spectrum of the CFT in 

the thermodynamic limit 



TRG/ TNR fixed point and CFT
The Closed correlation point of view: 

The Closed Picture: This tensor is related to closed string correlation functions?

Yang, Gu, Wen (2017) ; Ueda, Yamazaki (2023) arXiv: 2307.02523


But it could not (yet) reproduce the following computations — I believe, for reasons that the topology does not quite 
work out…


picture courtesy  2307.02523



TRG/ TNR fixed point and CFT
The open correlation point of view: 

The open correlation function point of view: 

let open correlation function tiles a planar surface —

Z. Gu, G. Cheng （2015/16？ unpublished — the hole didn’t

close for fixed conformal boundary conditions. The spectrum

on the cylinder was very far from the CFT results… gave up)


？

………… A hole…

What do we do with holes ? We want them to 
shrink to nothingness— 


this gives us the original closed string partition 
function. 


This closing a hole business is related to this 
question of factorisation of CFT. 


Shrinkable bc =  
“Entanglement Brane Boundary Condition” in RCFT  

G. Wong, LYH 2020

？ ？



CFT Factorisation and Entanglement Brane Boundary Conditions
Wong, LYH 2020

When computing entanglement entropy,

one would have to introduce a boundary 

between the splitter intervals.  
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p
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Ishibashi state
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Sa0 = da/D

quantum 
dimension of 

sector a
total quantum 

dimension
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b
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p
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The condition one would naively thought should be 
imposed on this boundary is that when we take 
overlap of the states, the holes should close. We 
therefore propose that the entanglement brane 
boundary condition (in the closed string channel) 
to be the “0” Ishibashi state in a diagonal RCFT

If holes can close then the idea of Gu and Cheng might be on the right track  ???



2D CFT and 3D 
TQFT
From integrable lattice 
models to fixed points of RG 
operator and holographic 
tensor network



Feiguin, Trebst, Ludwig, Troyes, Kitaev, Wang, Freedman  2007;

Aasen, Fendley, Mong J. Phys. A; Math. Theor. 2016; 2020  ;

Bal, Williamson, Vanhove, Bultinck, Haegeman, Verstraete 2017;  
Lootens, Vanhove, Verstraete 2019 ；

• An interesting observation: 


Take the PEP tensor network representation of the 
ground state  of a Levin Wen model (= Turaev-Viro 
formulation of TQFT) defined on a time slice with some 
triangulation with lattice constant “a” 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| LW
a i

Gu, Levin, Swingle, Wen PRB 2009; 
Buershaper, Aguado, Vidal PRB 2009;

(More recently — the form we follow 
closely , is presented in Bultinck, Marien, 
williamson, Sahinoglu, Haegeman, 
Verstraete Annals of physics 2017; 
Williamson, Bultinck, Verstraete 2017)

…..

Radius 
of 

sphere 
goes to 
infinity

cross section 
of the 

triangulated 
ball

triangulation 
of a sphere 

into 

tetrahedron

s

According to the Turaev-Viro formulation, 
red dots are interior edges have to be 

summed over, weighted by d_i

RSOS integrable models from “strange correlates”



RSOS integrable models from “strange correlates”
Feiguin, Trebst, Ludwig, Troyes, Kitaev, Wang, Freedman  2007;

Aasen, Fendley, Mong J. Phys. A; Math. Theor. 2016; 2020  ;

Bal, Williamson, Vanhove, Bultinck, Haegeman, Verstraete 2017;  
Lootens, Vanhove, Verstraete 2019 ；

• An interesting observation: 


Pick some mysterious direct product state   and take 
the overlap with   i.e. .  
This overlap can be made to match exactly the partition 
function of well known families  
of integrable models!    
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Ising model as an example

But why does it 
work?????

categorical symmetry …..  

holographic relation between CFT and TQFT ……



RG operator, holographic tensor networks and their fixed points
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• For a given lattice on which the ground state wave-function is defined, it can be 
related to another wave-function on a different lattice using the pentagon 
equation and orthogonality condition of the 6j symbols:  
 
Bal, Williamson, Vanhove, Bultinck, Haegeman, Verstraete 2017; Chen, Zhang, Wang, Ji, Zeng, Shen,  LYH 2022 

Here, we make the 
observation that 
recursively repeating 
this coarse-graining 
produces a collection of 
F’s that geometrically 
fills up a Euclidean 
AdS3 and looks like a 
MERA. It is in fact an  
analytic holographic 
tensor network !

Picture courtesy Orus



Finding Fixed Points of the RG operator
Constructing  as a PEP state
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• The direct product states can be understood as a seed state that could flow to the fixed points of the RG 
operator so that it recovers some scale invariant theory (including CFT and TQFT and more) in 2d 

• Contracting the boundary conditions with the RG operator can be formulated as a TRG process 
described previously (except the process now explicitly preserves topological symmetry) — therefore 
finding eigenstates of the RG operator is equivalent to finding fixed point tensors of this topologically 
symmetric TRG 

• If  is at the fixed point, we expect it to have entanglement rather than being a direct product state. 
But since we are interested in local CFT’s, the entanglement of  should be local. We should construct 
it using a PEP tensor network  
i.e.
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Picture courtesy https://tensornetwork.org/

Auxiliary legs — 

the bond dimension of a fixed point 
tensor is either 1 or infinity — since 

combining tensors somehow lead to 
the same tensor

Physical legs — Levin 
lattice degrees of 

freedom 

Chen, Zhang, Wang, Ji, Zeng, Shen,  LYH 2022 



Finding Fixed Points of the RG operator
Constructing  as a PEP state - solutions corresponding to 2D TQFT 
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Our ansatz: 

Frobenius algebra <latexit sha1_base64="ZkLCK2MZztBgn0d1JVHneC3CyVE="></latexit>

T a1a2a3
I1I2I3

= µ(a3I3)
(a1I1)(a2I2)

gives topological fixed point

Can recover the partition 
functions of the 2d 

Symmetry Protected 
Topological states (SPT) if 

the RG operator came from 
3d Dijkgraaf Witten Theory



Finding Fixed Points of the RG operator
Where are the CFT’s ？

• They can be viewed as phase transition points between the topological TQFT 
Start with an interpolation of topological boundary fixed points, and use the RG operator on it repeatedly. 
When far from the phase transition points they flow to either one of the boundary fixed points. At phase 
transitions the RG operator gets confused — could give a CFT fixed points



Fixed Point Boundary Corresponding to CFT?

• Note that 


this is proportional to the open string (boundary operator) fusion coefficient in a 
diagonal rational eft characterised by the tensor category!


Also, it is well-known that conformal blocks transform as


(where a,b,c,d,x,y are the labels of the families of primary representations of the) 


Therefore ~~~ 

see Fuchs, Runkel Schweigert 2002 
and series of papers



Fixed Point Boundary Corresponding to CFT?
is a fixed point of the RG 
operator if T is basically the three 
point function between chiral 
operators belonging to the family 
a1,a2,a3. The I1, I2, I3 auxiliary 
indices would then correspond 
labels of the descendent  of the 
given chiral family subjected to 
the condition : 

a

b

=

a

b
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The Turaev -Viro TQFT would dictate that the conformal boundary condition is ``closeable’’ in exactly the same way as the proposed 
“entanglement brane boundary condition”  .  Topological defects can pass through this boundary as if they are transparent. 
LYH, Wong 2020; Brehm, Ruunkel 2022
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<latexit sha1_base64="q9AISI9UburW4eeMTsXbP+uc7zA=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis90F61Vyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt1Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2hC8xZeXSbNa8S4rF/fn5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gDtW42U</latexit>a2

<latexit sha1_base64="Mul+YOA02UtvCY7ytXjn3oFl7fQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXuae+0V664VXcG8pd4OalAjnqv/NntxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mpE3JklT4JY21LIZmpPycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZ/k36QnOGcmwJZVrYWwkbUk0Z2nRKNgRv8eW/pHlS9S6q53dnldp1HkcRDuAQjsGDS6jBLdShAQwG8AQv8OpI59l5c97nrQUnn9mHX3A+vgHu342V</latexit>a3

<latexit sha1_base64="kcbgaAWcEjd8uSVGLY0RVeTWR6I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9DzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHtXY2U</latexit>

b1

<latexit sha1_base64="XRzZH9rwwjcJuvh8Jlj0gmHE4JU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9BL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AHu4Y2V</latexit>

b2
<latexit sha1_base64="6pFbA2F817Dl2xn5lRWNPDRzGIo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXug95pr1xxq+4M5C/xclKBHPVe+bPbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TIKn0SxtqWQjJTf05kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAPwZY2W</latexit>

b3

<latexit sha1_base64="kcbgaAWcEjd8uSVGLY0RVeTWR6I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9DzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHtXY2U</latexit>

b1
<latexit sha1_base64="XRzZH9rwwjcJuvh8Jlj0gmHE4JU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9BL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AHu4Y2V</latexit>

b2

<latexit sha1_base64="6pFbA2F817Dl2xn5lRWNPDRzGIo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXug95pr1xxq+4M5C/xclKBHPVe+bPbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TIKn0SxtqWQjJTf05kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAPwZY2W</latexit>

b3

<latexit sha1_base64="LmO3C2SybOyFh95bQDP2dyqv2V8=">AAAB8XicbVDLSsNAFL2pr1pfUZduBotQQUoivpZFN7qrYB/YhjCZTtqhk0mYmQgl9C/cuFDErX/jzr9x2mahrQcuHM65l3vvCRLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw5uJ33qiUrFYPOhRQr0I9wULGcHaSI8V7Lsn6M53j3277FSdKdAicXNShhx13/7q9mKSRlRowrFSHddJtJdhqRnhdFzqpoommAxxn3YMFTiiysumF4/RkVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eGVlzGRpJoKMlsUphzpGE3eRz0mKdF8ZAgmkplbERlgiYk2IZVMCO78y4ukeVp1L6rn92fl2nUeRxEO4BAq4MIl1OAW6tAAAgKe4RXeLGW9WO/Wx6y1YOUz+/AH1ucPL6GPTw==</latexit>

(a1, I1)

<latexit sha1_base64="SQnBW0rlxh9o7vWQgnnkYVN6QkM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUpS6mNZdKO7CvaBbQiT6aQdOpmEmYlQQv/CjQtF3Po37vwbp20W2nrgwuGce7n3Hj/mTGnb/rZyK6tr6xv5zcLW9s7uXnH/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Qz9dtPVCoWiQc9jqkb4oFgASNYG+mxjL3qGbrzqqdesWRX7BnQMnEyUoIMDa/41etHJAmp0IRjpbqOHWs3xVIzwumk0EsUjTEZ4QHtGipwSJWbzi6eoBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8bqKDKzdlIk40FWS+KEg40hGavo/6TFKi+dgQTCQztyIyxBITbUIqmBCcxZeXSatacS4q5/e1Uv06iyMPR3AMZXDgEupwCw1oAgEBz/AKb5ayXqx362PemrOymUP4A+vzBzKwj1E=</latexit>

(a2, I2)
<latexit sha1_base64="wDN/zgRldKLW02KnFBKtCa95dDg=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUpifS2LbnRXwT6wDWEynbRDJ5MwMxFK6F+4caGIW//GnX/jtM1CWw9cOJxzL/fe48ecKW3b31ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD28mfuuJSsUi8aBHMXVD3BcsYARrIz2WsVc9QXde9dgrluyKPQVaJE5GSpCh7hW/ur2IJCEVmnCsVMexY+2mWGpGOB0XuomiMSZD3KcdQwUOqXLT6cVjdGSUHgoiaUpoNFV/T6Q4VGoU+qYzxHqg5r2J+J/XSXRw5aZMxImmgswWBQlHOkKT91GPSUo0HxmCiWTmVkQGWGKiTUgFE4Iz//IiaZ5WnIvK+f1ZqXadxZGHAziEMjhwCTW4hTo0gICAZ3iFN0tZL9a79TFrzVnZzD78gfX5AzW/j1M=</latexit>

(a3, I3)

<latexit sha1_base64="lUnzuxbbjn0/30u+zrlBGVQKhmw=">AAACK3icbZDLSsNAFIYn9VbrLerSzWAR6qYk4m0jlArizgq9QRPCZDpth04mYWYilNj3ceOruNCFF9z6Hk7TINr6w8DPd87hzPn9iFGpLOvdyC0sLi2v5FcLa+sbm1vm9k5ThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7wclJv3REhacjrahQRN0B9TnsUI6WRZ1YdhnifEejcBKSP4D10apI6YgrhBXQiEXa9xFGCpmwMS3 V4dej9AOiZRatspYLzxs5MEWSqeeaz0w1xHBCuMENSdmwrUm6ChKJYLyg4sSQRwkPUJx1tOQqIdJP01jE80KQLe6HQjyuY0t8TCQqkHAW+7gyQGsjZ2gT+V+vEqnfuJpRHsSIcTxf1YgZVCCfBwS4VBCs20gZhQfVfIR4ggbDS8RZ0CPbsyfOmeVS2T8snt8fFSjWLIw/2wD4oARucgQq4BjXQABg8gCfwCt6MR+PF+DA+p605I5vZBX9kfH0DjQWmqQ==</latexit>

h⌦| i =
Y

4
(TF )4

We checked this for Ising 
model numerically and 

find up to 4 sigfig 
accuracy with a truncated 

bond dimensions



Factorising CFT partition function

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>

···

The Turaev-Viro TQFT 
construction can 
describe

continuous field theory 
because the fixed point 
tensors can be sewed 
together and 
finally the holes can be 
contracted — the 
connection between 
lattice construction and 
continuous theory can be 
understood in this light.

This picture can be 
generalised to non-
diagonal RCFT.  



Cylinder
recovering the closed spectrum of the CFT

• These half circles at the boundary allow them to be part of the index (ie don’t 
sum at the boundary. 


• Take Ising as an example again. We recover (keeping only 4-5 descendants at 
each primary sector) the following spectrum — seems pretty decent!

= =

0 (0.125, 0.127) (1.0, 1.035) (2.125, 2.259) (3.0, 3.253)

1 (1.125, 1.129) (2.0. 2.09) (3.125, 3.184) (4, 3.724)

2 (2.0, 2.0) (2.0, 2.02) (2.125, 2.211) (2.125, 2.211)

3 (3.125, 3.230) (3.125, 3.330)

<latexit sha1_base64="NNhp4HiCDIt6HWe1guuCXXVMPqg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4eWNAQ==</latexit>s
<latexit sha1_base64="BxYxfkquHLGpRHvONQRjNFljQ3E=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUoivpZFXXQlFfqCNoTJdNIOnUzCzEQoIQs3/oobF4q49SPc+TdO2wjaeuDCmXPuZe49XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdD3x2/dESBryhhpHxAnQgFOfYqS05JrFcu+GMIXcpFFLj+HP4zYO0iPXLFkVawq4SOyMlECGumt+9vohjgPCFWZIyq5tRcpJkFAUM5IWerEkEcIjNCBdTTkKiHSS6REpPNRKH/qh0MUVnKq/JxIUSDkOPN0ZIDWU895E/M/rxsq/dBLKo1gRjmcf+TGDKoSTRGCfCoIVG2uCsKB6V4iHSCCsdG4FHYI9f/IiaZ1U7PPK2d1pqXqVxZEHRXAAysAGF6AKaqAOmgCDB/AEXsCr8Wg8G2/G+6w1Z2Qz++APjI9vhG6XZg==</latexit>

(�TH ,�Num)



Remark: Non-diagonal Theory
Alternative tensor network representation of the Levin-Wen ground state
Lootens, Fuchs, Haegeman, Schweigert, Verstraete, 2021

This gives explicit prediction of contractible 
boundary conditions for non-diagonal 

theories. The boundaries are labeled by 
objects in the module category, and the 

weights is the quantum dimension of these 
objects.



Relation with p-adic tensor network
W. Li, C. Melby-Thompson, LYH 2019

• Tensor Network that recovers the 
p-adic CFT and reproduces (some) parts 
of the AdS/CFT dictionary and a  
perturbative 
0

x 2 Qp

p2

p1

p0p0

p�1

pm

p

p2

O1 O2

p-adic Tensor Network Turaev-Viro type 
tensor network

tensor 
components

structure coefficients 

of CFT

open structure 
coefficients of CFT

algebraic 
structure of tensors

Frobenius/associative 
algebra

(1)-fusion category

CFT dimensions (quasi) 1-dimension 
CFT

2 dimensional CFT

Bulk dimensions (quasi) 2 dimensions 3 dimensions



Liouville theory
Reconstruction from the 
open structure coefficients



Open Liouville Theory
Putting together the closed partition function from the open one

• Open structure coefficients of Liouville theory has been considered. 
6j symbols of 

a

b

=

a

b

<latexit sha1_base64="DjqOxq+9gjajAIosfZ07v2xCxwo=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAaymQyacdOZsLMRCihn+HGhSJu/Rp3/o3TNgttPXDhcM693HtPmHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJThLaI5FJ1Q6wpZ4K2DDOcdlNFcRJy2glHt1O/80SVZlI8mHFKgwQPBIsZwcZKfk9nSf8RRbb61Zpbd2dAy8QrSA0KNPvVr14kSZZQYQjHWvuem5ogx8owwumk0ss0TTEZ4QH1LRU4oTrIZydP0IlVIhRLZUsYNFN/T+Q40XqchLYzwWaoF72p+J/nZya+DnIm0sxQQeaL4owjI9H0fxQxRYnhY0swUczeisgQK0yMTaliQ/AWX14m7bO6d1m/uD+vNW6KOMpwBMdwCh5cQQPuoAktICDhGV7hzTHOi/PufMxbS04xcwh/4Hz+AKTGkNk=</latexit>X

j

dj j

This orthogonality suggests that  the Liouville shrinkable boundary condition is given by: 

replaced by M(j)

Pentagon + orthonality condition can be used to generate an 
RG operator that fills an AdS like space. This is a kind of Turaev 

Viro formulation “closely related” to the Kashaev form of 
Teichmuller TQFT which is in turn related to AdS3 gravity  



Open Liouville Theory
Putting together the closed partition function from the open one

• Some recent discussions of the TQFT dual of the Liouville theory  
 
Collier, Eberhardt, Zhang 2023; Belin, de Boer, Nayak, Sonner 2023 (mentioning the simplicial formulation that is different 
from the current discussion);  Ubaldo,  Perlmutter 2023

a

b

=

a

b

<latexit sha1_base64="DjqOxq+9gjajAIosfZ07v2xCxwo=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAaymQyacdOZsLMRCihn+HGhSJu/Rp3/o3TNgttPXDhcM693HtPmHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJThLaI5FJ1Q6wpZ4K2DDOcdlNFcRJy2glHt1O/80SVZlI8mHFKgwQPBIsZwcZKfk9nSf8RRbb61Zpbd2dAy8QrSA0KNPvVr14kSZZQYQjHWvuem5ogx8owwumk0ss0TTEZ4QH1LRU4oTrIZydP0IlVIhRLZUsYNFN/T+Q40XqchLYzwWaoF72p+J/nZya+DnIm0sxQQeaL4owjI9H0fxQxRYnhY0swUczeisgQK0yMTaliQ/AWX14m7bO6d1m/uD+vNW6KOMpwBMdwCh5cQQPuoAktICDhGV7hzTHOi/PufMxbS04xcwh/4Hz+AKTGkNk=</latexit>X

j

dj j

This orthogonality suggests that  the Liouville shrinkable boundary condition is given by: 

replaced by M(j)



Outlook

• Large C CFTs


• Supersymmetric generalisations — include fermions


• Can we read off something about black holes, or anything useful from this 
holographic tensor network ?


• Higher d CFTs — Ising CFT for example can definitely be constructed in this way, 
we should construct some more examples


• Perhaps not necessarily related to (topological )AdS/CFT? or perhaps it still bear 
some relation as in the case of 3d (i.e. boundary condition does break the 
topological invariance to some extent.., and we need to work with irrational TQFT…)

Chen, Zhang, Wang, Ji, Zeng, Shen,  LYH 2022 



3+1 D TQFT and 2+1 D CFT
Example: 4D Z2 Dijkgraaf - Witten Theory and the Ising model

• Tensor Network Representation of the ground state wave-function of 
Dijkgraaf-Witten theory: 


Boundary conditions for the Ising model: 



3+1D DW Theories and RG operator







Topological solutions = Higher Frobenius Algebra 
Wang, Li, Hu, Wan, JHEP 10 (2018) 114,   Zhao, Lou, Zhang, Hung, Kong, Tian, 2208.07865

https://arxiv.org/abs/2208.07865


Search for critical point between electric and magnetic boundaries:


Using the same method — we can find the critical temperature

of 2+1 D ising model as a phase transition between two of the 

three Higher Frobenius algebra of the 4D toric code.   
— to appear soon


3D Ising:  bond=1,  transition temperature: 0.27-0.28




Thank you very much!


